Andreev reflection of thermal quasiparticles from quantized vortices is an important technique to visualize quantum turbulence in low temperature 3 He-B. We revisit a problem of Andreev reflection from the isolated, rectilinear vortex line. For quasiparticle excitations whose impact parameters, defined as distances of the closest approach to the vortex core, do not exceed some arbitrary value, b, we calculate exactly the reflected fraction of the total flux of excitations incident upon the vortex in the direction orthogonal to the vortex line. We then define and calculate exactly, as a function of b, the scattering length, that is the scattering cross-section per unit length of the vortex line. We also define and calculate the scattering lengths for the flux of energy carried by thermal excitations, and for the net energy flux resulting from a (small) temperature gradient, and analyze the dependence of these scattering lengths on temperature.
In the zero temperature limit, a pure superfluid can often be modeled as an inviscid fluid [1] . The origin of superfluidity in 4 He is the Bose-Einstein condensation of helium atoms into the quantum ground state. In liquid 3 He-B, which is a Fermi superfluid, the condensate is formed by Cooper pairs of Fermi atoms, the collective behavior of which is described by the coherent macroscopic wavefunction Ψ(r, t) = |Ψ(r, t)|e iθ(r,t) , where θ is the phase, r position and t time. The superfluid velocity, v is then proportional to ∇θ, hence superfluid motion is irrotational, ∇×v = 0 everywhere except for topological defects on which ∇ × v is singular. Such line defects are quantized vortex lines. Around each of them the phase of the wavefunction changes by 2π hence giving rise to irrotational circulating flow. The circulation around each vortex line is quantized, with quantum of circulation being κ = h/(2m 3 ) = π /m 3 = 0.662 × 10 −7 m 2 /s, where 2m 3 and m 3 are respectively the mass of a Cooper pair and a bare 3 He atom. In the zero temperature limit, where the presence of the normal fluid can be ignored, each of quantized vortices moves with the local fluid velocity in the flow field generated by the collective flow field of all other vortices [1] [2] [3] . When helium is stirred, this results in the formation of a vortex tangle; such a tangle, together with the flow field generated by it, is known as quantum turbulence.
It is worth mentioning here more exotic kinds of quantized vortices that may exist in 3 He but are not observed in other known superfluids. For example, in their re- * yuri.sergeev@ncl.ac.uk † Deceased 4 January 2015
view [4] , Bun'kov et al. described observations of the nonsingular vortex textures in the rotating A-phase. In another, very substantial review of quantized vortices in 3 He [5] (see also references therein) Salomaa and Volovik discussed unique vortex phenomena such as continuous coreless vortices with two flow quanta and vortices with a half-integer circulation quanta in the A-phase, and the vortex-core phase transition which results in a spontaneous bifurcation of vorticity involving half-quantum vortices in the B-phase.
At low temperatures unique properties of 3 He-B permit quantum turbulence to be non-invasively probed by a minuscule normal component. Experiments have demonstrated that the ambient normal component comprises a gas of ballistic excitations at temperatures below 0.3T c (superfluid transition temperature T c is 0.9 mK at zero pressure) [6] . While these ballistic thermal excitations do not affect the motion of quantized vortices, they are Andreev scattered (reflected) from the flow field of quantized vortices, see e.g. Refs. [7, 8] and references therein. The Andreev reflection of thermal excitations is used to develop experimental techniques for measurements of quantum turbulence in the low temperature 3 He-B (see e.g. Refs. [9, 10] ).
Here we describe briefly the mechanism of Andreev reflection [11] in the Fermi superfluid. In a quiescent fluid, the dispersion curve, E(p) for excitations with energy E and momentum p, has a minimum at the Fermi momentum, p F = 8.25 × 10 −25 kg m/s which corresponds to the Cooper pair binding energy (superfluid energy gap), ∆. Thermal excitations with p > p F are called quasiparticles, and those with p < p F are called quasiholes (here p = |p|). Consider now a vicinity of the minimum of the dispersion curve. On moving from one side of the minimum to the other, the excitations' group ve-locity, v g = dE/dp reverses sign, that is, quasiparticles and quasiholes whose momenta are similar travel in opposite directions. Consider now a superfluid moving with velocity v. In the reference frame of the moving superfluid, the dispersion curve will be tilted by the Galilean transformation [7] 
so that quasiparticles propagating into the region where the superfluid velocity, v, has the same direction as their momentum, p, experience a potential barrier. Travelling at constant energy, a quasiparticle with insufficient energy will be Andreev-reflected as a quasihole whose path will practically coincide with that of the incident quasiparticle [12] . For quasiparticles with higher energies the flow field will be transparent. Quasiholes are either Andreev-reflected or transmitted in the opposite way. It is important to notice that the momentum transfer from incident thermal excitations to the flow is negligibly small, so that the Andreev reflection offers a practically non-invasive tool for probing the quantized vorticity at low temperatures. The Andreev reflection from vortex configurations can be characterized by its scattering cross-section. In general this cross-section depends on the area of impact parameters of quasiparticle excitations incident upon the region of quantized vorticity. In this work we will consider the Andreev reflection from an isolated, rectilinear vortex line: the simple geometry allows us to find asymptotic solutions analytically. The case of curved vortex lines must be solved numerically [13] . Furthermore, in our case where the incident excitations propagate in the direction orthogonal to the vortex filament, the considered problem becomes two-dimensional and the Andreev reflection can be characterized by the scattering length, that is the scattering cross-section per unit length of the vortex line. The scattering length will depend upon the size of the considered interval of impact parameters, the latter defined as the distances of the closest approach of a quasiparticle excitation to the vortex core. The scale of this scattering length (although not the scattering length itself) was estimated (see Refs. [7, 8] and references therein) to be very large, of the order of a few microns at the lowest accessible temperature 0.1T c (100 µK at zero pressure). The fortunate consequence of this result is that, since the estimated radius of the vortex core -the distance over which Ψ changes from its bulk value to zero -is of the order of 10 −7 m (see e.g. Ref. [14] ), our problem does not depend on the detailed nature of the vortex core.
There are two different experimental realizations [7] of turbulence measurements using the Andreev scattering technique. One experimental setup, in which ambient quasiparticles are detected by a vibrating wire surrounded by turbulence, enables the experimentalist to measure the reflected 'particle' (or 'number') flux of excitations. The other setup makes use of the black body radiator which generates the beam of quasiparticles propagating through a region of quantized vorticity. In this realization, a detector measures the reflected (or transmitted) energy carried by thermal excitations. Note that in the case where the temperature is uniform, the density of the energy flux is balanced by an identical flux density of quasiparticles traveling in the opposite direction; the nonuniformity of temperature results in the net energy flux carrying by excitations traveling in opposite directions.
Below in Sec. II, for thermal excitations, incident upon the vortex, whose impact parameters (distances of the closest approach to the vortex core) do not exceed an arbitrary maximum value, b, we calculate exactly the Andreev-reflected fraction of the total flux. We then define and calculate exactly, as a function of b, the scattering length of Andreev reflection. In Sec. III we define the scattering lengths for the flux of energy carried by thermal excitations, and for the net energy flux resulting from a (small) temperature gradient, and analyze their dependence on b and temperature. In Sec. IV we summarize our results and draw the conclusions.
II. ANDREEV SCATTERING FROM AN ISOLATED RECTILINEAR VORTEX
We revisit the problem of ballistic propagation of thermal quasiparticle excitations through the superflow field of the quantized vortex in 3 He-B at low temperatures, T < 0.3T c . In polar coordinates (r, φ) in the plane orthogonal to the vortex filament the superfluid velocity field of an isolated, rectilinear, quantized vortex is
where e φ is the azimuthal unit vector. Andreev reflection [11] by an isolated quantized vortex, described in more detail in Refs. [7, 8, 12, 15, 16] , is illustrated schematically in Fig. 1 . The superflow (2) generates a local energy barrier to thermal excitations. Consider an excitation incident on the vortex from the left, defined in the figure as the x-direction. Since the Andreev-reflected excitation practically retraces the path of the incident quasiparticle [12] (note that in Fig. 1 the turning regions of quasiparticle trajectories are not shown in scale), the trajectories of quasiparticles with momentum p > p F and energy E > ǫ F , where ǫ F = 2.27×10 −23 J is the Fermi energy, and of quasiholes, with p < p F and E < ǫ F , can be identified by their 'initial' y-coordinates, y 0 . Low energy quasiparticles and quasiholes are Andreev reflected, respectively, on the opposite sides of the vortex.
The one-dimensional 'particle' (or 'number') flux density of excitations (that is, a number of quasiparticle excitations per unit area per unit time) incident on the flow field of the vortex is [7, 8, 16] 
where ∆ is the superfluid energy gap, v g (E) is the excitation group velocity, G(E) is the density of states, and f (E) is the Fermi distribution which, in the low temperature limit, reduces to the Boltzmann distribution, In what follows, rather than y 0 it is more convenient to regard as an impact parameter the distance of the closest approach of quasiparticle excitation to the vortex core, b = |y 0 | > 0. Consider now quasiparticle excitations with p > p F . The density of the flux transmitted through the 'lower' half-plane of the flow field (region "+" in Fig. 1 ), y < 0 in which p · v > 0, can be calculated by means of the integral in Eq. (3) with the lower limit replaced, in accordance with Eq. (1), by ∆+max |p·v|, where max |p·v| is determined along the quasiparticle's rectilinear trajectory y = y 0 . Since p ≈ p F , making use of Eq. (2) and κ = 2π /(2m 3 ) we find max |p · v| = p F /2m 3 b (note that this value corresponds to the maximum tilt of the dispersion curve in the reference frame of the moving superfluid). For considered excitations with p > p F , the 'upper' half-plane (region "−" in Fig. 1 ), y < 0 in which p · v < 0, is transparent. Therefore, for the density of transmitted flux we obtain [7, 8] 
where the superscripts + and − indicate corresponding regions of the flow field, and
The quasihole excitations (p < p F ) are transmitted in the opposite way: for these excitations the region y < 0 is transparent, and the flux density transmitted through the flow field of the vortex is determined by Eqs. (4) in which nv g + t should be replaced by nv g − t and vice versa.
For quasiparticles, the probability of transmission (that is, the transmitted fraction of the incident flux density), f
As seen from Eq. (6), the quantity b 0 , defined by Eq. (5), sets the scale of Andreev scattering length (but not the scattering length itself -see below). The value of b 0 is about 6.3 µm at T = 100 µK and zero pressure and exceeds by several orders of magnitude the superfluid coherence length, ξ 0 ≈ 50 nm. Such a large value of b 0 length results from the slow, 1/r decrease of the superfluid velocity with the distance from the vortex core whose thickness is of the order of ξ 0 . In the following analysis the thickness of the vortex core is neglected and the vortex filament is regarded as the infinitesimally thin vortex line.
To define formally and then determine the Andreev scattering length, we start with the general, threedimensional case and consider the one-dimensional flux of thermal excitations propagating in a certain direction and incident upon the region of quantized vorticity. Impact parameters of thermal excitations can be defined as ('initial') coordinates of quasiparticles on a plane orthogonal to the direction of propagation. For excitations whose impact parameters are within some surface area, say S, the cross-section of Andreev reflection can be defined as
where
are the total incident and reflected fluxes of thermal excitations through the surface area S, and nv g r = nv g i − nv g t is the reflected flux density. Clearly, the scattering cross-section depends on the area S of impact parameters.
For rectilinear vortex lines, in the case where the incident one-dimensional flux of excitations propagates in the direction, say, x, which is orthogonal to vortex filaments, the problem of Andreev scattering becomes twodimensional, and instead of scattering cross-section we can introduce the scattering length, K defined as the scattering cross-section per unit length of the vortex line. In the system of coordinates (x, y), consider excitations whose 'initial' y-coordinates are within some interval, c ≤ y 0 ≤ d. For these excitations, similarly to Eqs. (7) and (8), the scattering length of Andreev reflection is defined as
where now
are the total incident and reflected fluxes of thermal excitations through the interval [c, d] of the y-axis. In general, the scattering length depends on c and d.
To calculate the scattering length for an isolated, rectilinear, quantized vortex we consider the scattering of thermal excitations whose distances of the closest approach to the vortex core (that is, their impact parameters) do not exceed some arbitrary value b. Then, in definition (9), c = −b and d = b (see Fig. 1 , where the interval of y-coordinates such that the impact parameters do not exceed b is shown by the vertical dashed green bar), so that
Making use of Eqs. (4) we find that nv g − r = 0, and
so that q r = b 0 nv g + r db, and for the Andreev-reflected fraction, F = q r / q i of the total flux (that is the flux density integrated in the considered interval of impact parameters) and for the scattering length, K of Andreev reflection, defined by Eq. (9), we obtain
(13) Introducing the non-dimensional impact parameter, z = b/b 0 , the Andreev-reflected fraction of the total flux can be represented in the universal (that is, free of nondimensional parameters) form:
The integral in Eq. (14) can be expressed through the integral exponential function [17] 
in the form
In units of b 0 , the scattering length is also a universal function of the non-dimensional impact parameter, z = b/b 0 alone, that is
Useful asymptotics [17] , corresponding to large and small values of the impact parameter, are, respectively:
where γ = 0.5772156649 . . . is the Euler-Mascheroni constant, and
The reflected fraction, F of the total flux and the scattering length in units of the scale b 0 are shown in Fig. 2 as functions of the non-dimensional impact parameter z = b/b 0 . (For a wider range of z the scattering length will also be shown in Fig. 3b of the next Section.) A rather slow, ∼ z −1 ln z decrease of the reflected fraction, F =K/(2z) and the corresponding slow, logarithmic increase of the scattering length with z for large values of the impact parameter are due to a fact that a significant fraction of thermal excitations is still Andreev-reflected even at large distances from the vortex core.
Note that for T = 100 µK and zero pressure the scattering length, K is about 0.8b 0 ≈ 5 µm for b = b 0 , and about 25 µm for b = 100b 0 . These very large values of scattering length should have a pronounced effect on the Andreev reflection from vortex configurations and vortex tangles, in particular on screening effects which were briefly discussed in our recent work [8] . However, we leave a more detailed discussion of these effects for future publications.
III. SCATTERING LENGTH OF THE ENERGY FLUX
In Sec. II, for the particle ('number') flux of excitations incident on quantized vortex, we calculated exactly the reflected fraction of the total flux of excitations whose impact parameters do not exceed an arbitrary value, b and defined and calculated the corresponding scattering length. Of interest for interpretation of Andreev reflection experiments and numerical simulations would also be the scattering length defined for the flux of energy (rather than the number flux) carried by incident excitations. Similarly to Eq. (3), the incident energy flux density is calculated as
The average energy of excitation in this flux is E = ∆ + k B T . For a uniform temperature this flux density is balanced by an identical flux density of quasiparticles traveling in the opposite direction. Together with the energy flux density defined by Eq. (20) we will also consider the density of the net energy flux, for excitations traveling in opposite directions, resulting from a small temperature difference, δT between two sides of the vortex flow field [12] :
We consider first the transmission and reflection of the energy flux defined by Eq. (20) . For the density of energy flux transmitted through the vortex we obtain
For the reflected energy flux density we have nv g E + r = nv g E i − nv g E + t . The scattering length is now defined as K E = 2b q E r / q E i , where q E i and q E r are the total incident and reflected energy fluxes, respectively, through the interval of impact parameters such that the distances of the closest approach of quasiparticles to the vortex core are not larger than the maximum value, b. Repeating the steps leading, in Sec. II, from Eq. (3) to Eq. (17), for the reflected fraction of the total energy flux, F E = q E r / q E i , and the corresponding scattering length we obtain
(24) Making use of elementary transformations, the integral z 0 βz −1 exp(−1/z) dz can be expressed through the integral exponential function, E 1 defined by Eq. (15), yielding the non-dimensional scattering length,
The reflected fraction of the total energy flux is, obviously, F E (z) =K E /(2z). Proceeding in a similar way, for the net energy flux (21) resulting from a small temperature gradient, we obtain for the transmitted flux density:
For (24) , for the reflected fraction, F T = δ q T r /δ q T i of the total net energy flux, δ q T i = 2bδ nv g E i (here δ q T r is the total reflected flux for quasiparticles with impact parameters which do not exceed b) we obtain the reflected fraction of the total incident flux as a function of the nondimensional impact parameter z = b/b 0 :
Calculating the integral in Eq. (28), for the scattering length in units of b 0 , and the reflected fraction of the net energy flux resulting from a temperature gradient we obtaiñ
If T → 0 then β = β T = 0 and the scattering lengths K E and K T of the energy fluxes reduce to the scattering length, K of the number flux, see Eq. (17) . This is consistent with the results of our earlier work [18] in which we found from numerical simulations that for temperatures T ≤ 0.15T c the 'thermal' and particle cross-sections of Andreev scattering from vortex rings are almost indistinguishable.
The calculations performed in this work are valid only for the ballistic regime of propagation of thermal excitations, that is within the range of temperatures 0 ≤ T ≤ 0.3T c , see e.g. Ref. [6] . The temperature dependences of the scattering lengths K E and K T are determined by the 1/T behavior of the scale b 0 [see Eq. (5)] as well as by the behavior with temperature of the parameters β and β T defined by Eqs. (23) and (27), respectively. Note that the temperature dependence of the superfluid energy gap can be neglected: the solution of the gap equation [19, 20] shows that within the considered temperature interval, 0 ≤ T ≤ 0.3T c the gap, ∆(T ) changes by only about 1%. It can be safely assumed that in the ballistic regime the superfluid energy gap is temperature independent, and ∆ = 1.76k B T c [14, 21] .
The reflected fractions of the 'number' and energy fluxes and the corresponding scattering lengths normalized by b 0 are shown, for temperature T = 0.25T c , in Fig. 3 as functions of z = b/b 0 . In particular, Fig. 3a shows the z-dependence of the reflected fraction of the total fluxes for relatively small (0 ≤ z ≤ 10) maximum values of the non-dimensional impact parameter. values of impact parameters (of the order of 100b 0 ) the difference between the three scattering lengths becomes noticeable: thus, for b = 200b 0 and T = 0.25T c , the scattering lengths K E and K T , defined for the energy flux and for the net energy flux resulting from the temperature gradient, are about 7% and 15%, respectively, lower than the scattering length, K calculated for the number flux. This contrasts our earlier results [18] obtained for Andreev cross-sections of quantized vortex rings at lower temperatures, T ≤ 150 µK.
To better illustrate the temperature dependence of the scattering lengths K E and K T , Fig. 4a shows these scattering lengths, normalized by b 0 , as functions of temperature for two maximum values of the impact parameter, b = 10b 0 (the lower pair of curves) and b = 100b 0 (the upper pair). Fig. 4b illustrates the temperature dependence of the dimensional scattering lengths K, K E , and K T in units of µm for the same two values of b. Note that, for any fixed b, the scattering length K for the number flux of excitations behaves with temperature as 1/T , as follows from Eqs. (5) and (17) . 
IV. CONCLUSIONS
The results of this work are applicable in the case where thermal quasiparticle excitations in 3 He-B propagate ballistically (i.e. when, at low pressure, the temperature is in the range 0 ≤ T 0.3T c ).
For a particle ('number') flux of thermal quasiparticle excitations incident on the rectilinear quantized vortex and propagating in the direction orthogonal to the vortex filament, we calculated exactly the Andreev-reflected fraction, F (b) of the total flux of excitations whose impact parameters do not exceed an arbitrary maximum value b. We then defined, as K(b) = 2bF (b), the scattering length of Andreev reflection. We found that both the fraction We also defined and calculated exactly the scattering lengths, K E for the flux of energy carried by thermal quasiparticle excitations, and K T for the net energy flux resulting from the (small) temperature gradient. We analyzed the behavior with temperature of the scattering lengths K E and K T within the temperature range of the ballistic regime. In the low temperature limit (e.g. for the lowest accessible temperature T = 0.1T c ≈ 100 µm) the difference between all three scattering lengths, K, K E , and K T is small, in agreement with findings of our earlier work [18] . However, this difference becomes more pronounced with increasing both temperature and the impact parameter, b: for example, at T = 0.25T c and b = 100b 0 the scattering lengths K E and K T are, respectively, about 7% and 15% lower than the scattering length, K defined for the number flux. It can be expected that, as T /T c increases, a difference between the scattering length defined for the particle ('number') flux and that defined for the energy flux becomes sufficiently large to be detected experimentally. We note here that it would be experimentally easier and more practical to detect and measure a difference between scattering cross-sections of Andreev reflection from the vortex tangle rather than a difference between scattering lengths of reflection from an individual vortex. Based on the technique [9] developed by the Ultra Low Temperature Group at Lancaster, the experiment can be designed to probe the same vortex tangle by ambient thermal excitations as well as by a purposely generated thermal quasiparticle beam. A nearly homogeneous vortex tangle should be generated between two black box radiators (bolometers). One of the radiators will produce a quasiparticle beam propagating through the tangle, while the other will measure a transmitted energy flux. Several vibrating wire detectors should be located inside and around the turbulent tangle to measure a reflected fraction of the particle ('number') flux, both in the presence of the incident beam of excitations, produced by one of the black box radiators, and in the case where only ambient excitations are present. Such measurements should be carried out for various temperatures of the quasiparticle beam and of the bulk superfluid to enable the experimentalist to compare the properties of the reflected particle and energy fluxes and hence to determine experimentally a difference between the scattering cross-sections for these fluxes.
